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Abstract 

A notion of meromorphic open-string vertex algebra is introduced. 
A meromorphic open-string vertex algebra is an open-string vertex al- 
gebra in the sense of Kong and the author satisfying additional ratio- 
nality (or meromorphicity) conditions for vertex operators. The vertex 
operator map for a meromorphic open-string vertex algebra satisfies 
rationality and associativity but in general does not satisfy the Jacobi 
identity, commutativity, the commutator formula, the skew-symmetry 
or even the associator formula. Given a vector space f), we construct 
a meromorphic open-string vertex algebra structure on the tensor al- 
gebra of the negative part of the affinization of f) such that the vertex 
algebra struture on the symmetric algebra of the negative part of the 
Heisenberg algebra associated to f) is a quotient of this meromorphic 
open-string vertex algebra. We also introduce the notion of left mod- 
ule for a meromorphic open-string vertex algebra and construct left 
modules for the meromorphic open-string vertex algebra above. 
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1 Introduction 

Vertex (operator) algebras arose naturally in the study of two-dimensional 
conformal field theories in physics (see the first systematic study using the 
method of operator product expansion in |BPZ] by Belavin, Polyakov and 
Zamolodchikov) and in the vertex operator construction of representations of 
affine Lie algebras and in the construction and study of the "moonshine mod- 
ule" for the Monster finite simple group in mathematics (see the announce- 
ment |B] by Borcherds and the monograph jFLMj by Frenkel, Lepowsky and 
Meurman |FLMj l 

Vertex (operator) algebras can be viewed as the "closed-string-theoretic" 
analogues of both Lie algebras and commutative associative algebras. A 
vertex (operator) algebra is defined in terms of either the Jacobi identity 
or the duality property or parts of these axioms. The Jacobi identity con- 
tains the commutator formula for vertex operators and the duality property 
includes in particular commutativity. The commutator formula and commu- 
tativity are fundamental to vertex (operator) algebras. Many of the results 
on vertex (operator) algebras and their representations depend heavily on 
the commutator formula and commutativity. The commutator formula and 
commutativity also play an important role in the construction of examples of 
vertex (operator) algebras, especially in the construction of vertex operator 
algebras associated to affine Lie algebras and the Virasoro algebra. It was 
proved in |FHLj that associativity and thus other properties, including in 
particular the Jacobi identity, follows from commutativity and other minor 
axioms. Geometrically, it was shown in |Hlj and |H3j by the author that com- 
mutativity is equivalent to a meromorphicity property on an algebra over the 
partial operad of the moduli space of spheres with punctures and standard 
local coordinates at the punctures. 

Beyond topological field theories, two-dimensional conformal field theories 
are the only mathematically successful quantum field theories. Many people 
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attribute this success to the existence of the infinite-dimensional conformal 
symmetry. But from the experience in the study of two-dimensional confor- 
mal field theories in terms of the representation theory of vertex operator 
algebras, at least in the genus-zero case, commutativity or other equivalent 
properties is the main reason why two-dimensional conformal field theories 
are mathematically much better understood than other non-topological quan- 
tum field theories. In fact, it is the commutator formula that allows one to 
apply the Lie-theoretic method to the study of vertex operator algebras and 
their representations. 

Two-dimensional conformal field theories are deep mathematical theories 
that play important roles in both mathematics and physics. But there are 
also other non-topological quantum field theories of fundamental importance 
in both mathematics and physics. Nonlinear sigma models whose target 
spaces are not Calabi-Yau manifolds are such examples. The most impor- 
tant example is Yang-Mills theory. In physics, Yang-Mills theory is known to 
describe fundamental interactions and in mathematics, one of the major un- 
solved problem is the existence of quantum Yang-Mills theory and the mass 
gap conjecture. Unfortunately, for these theories, we do not expect that they 
have a commutativity property as strong as the commutativity property for 
two-dimensional conformal field theories. This is actually the reason why it 
is very difficult to generalize the veretx-algebraic approach in the study of 
two-dimensional conformal field theories to other non-topological quantum 
field theories. 

On the other hand, we have another fundamental property of vertex (oper- 
ator) algebras: Associativity. Associativity for vertex (operator) algebras is a 
strong form of operator product expansion for meromorphic fields. While we 
do not expect that commutativity holds for general non-topological quantum 
field theories, we do believe that operator product expansion holds for these 
theories. Therefore, to study non-topological quantum field theories that are 
not two-dimensional conformal field theories, one approach is to find alge- 
braic structures satisfying certain associativity property but not necessarily 
any commutativity property. 

In dimension 2, Kong and the author introduced and constructed open- 
string vertex algebras in |HK] . An open-string vertex algebra satisfies asso- 
ciativity but not commutativity. However, the examples given in |HK] are 
constructed using modules and intertwining operators for a vertex operator 
algebra belonging to the meromorphic center of the open-string vertex al- 
gebra. Since intertwining operators for the meromorphic center satisfy the 
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commutativity property for intertwining operators (a generalization of com- 
mutativity for vertex (operator) algebras formulated and proved in |H2j , |H4j 
and |H5] ). these examples of open-string vertex algebras still satisfy a cer- 
tain generalized version of commutativity. In fact, these open-string vertex 
algebra are still part of an open-closed two-dimensional conformal field the- 
ory describing the interaction of boundary states or open strings. To go 
beyond conformal field theories in dimension 2, we need to find examples 
of open-string vertex algebras that are not constructed from modules and 
intertwining operators for vertex (operator) algebras. 

In the present paper, we construct a class of such examples. In fact, 
the examples that we construct in the present paper satisfy stronger con- 
ditions than those open-string vertex algebras constructed in [HKj . Like 
vertex (operator) algebras, the products and iterates of vertex operators of 
these open-string vertex algebras are expansions of rational functions. We 
call an open-string vertex algebra satisfying such a rationality property a 
meromorphic open-string vertex algebra. The vertex operator map for a 
meromorphic open-string vertex algebra satisfies rationality and associativ- 
ity but in general does not satisfy the Jacobi identity, commutativity, the 
commutator formula, the skew-symmetry or even the associator formula. 

Given a vector space f), we have the Heisenberg algebra () = ()+©[)_© [)o, 
where i]+ = i}®tC[t], i)_ = t) ®t"^C[t"^], = t)©Ck and Ck is the center of 
f). Instead of the universal enveloping algebra U{t)) ofi), we consider the quo- 
tient N{i)) of the tensor algebra T([)) of f) by only the commutator relations 
between f)+ and [)_, between [)+ and f)o, between [)_ and f)o and between t) 
and Ck, but not the commutator relations between f}+ and itself, between 
f)„ and itself and between f) and itself. In other words, we do not assume 
that i) and consequently ()+ and are abelian Lie algebras. Actually, since 
we work with the tensor algebras of f)+ and f)_ and f), we do not assume any 
relations among linearly independent elements of these vector spaces. From 
a left module M for the tensor algebra T(P)) of f), we construct an induced 
left module for N{i)) and prove that this induced left module is linearly iso- 
morphic to T({)_) ® M where T({)_) is the tensor algebra of In the case 
that M is the trivial left module C for T(f)), we construct a meromorphic 
open-string vertex algebra structure on T(fi_) ?"([)-) ® C We know that 
the symmetric algebra S{[}-) of f)_ has a natural grading-restricted vertex 
algebra structure. In particular, >?({)_) is also a meromorphic open-string 
vertex algebra. Thus >S'(fi_) is in fact a quotient of T([)_) as meromorphic 
open-string vertex algebras. We also introduce the notion of left module for 
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a meromorphic open-string vertex algebra and construct a structure of left 
module for T([)_) on T(f)_) (g) M for a left T([))-module M. Comparing to 
the construction of the vertex operator algebra associated to the universal 
enveloping algebra f/(f)) of the Heisenberg algebra f), the construction in the 
present paper involves much more complicated calculations because of the 
noncommutativity of the tensor algebras T([)_,_), T(fi_) and T(f)) of [)_ 
and [), respectively. 

The present paper grew out of the author's study of nonlinear sigma 
models using the representation theory of vertex operator algebras. Though 
there is indeed a vertex operator algebra associated to a Riemannian manifold 
and representations of this algebra can be constructed from smooth functions 
on the manifold, the author has noticed that the more fundamental structure 
associated to a Riemannian manifold is a meromorphic open-string vertex 
algebra. It was conjectured by physicists that in general quantum nonlinear 
sigma models are not conformal field theories. These theories are believed 
to be "gapped" or massive theories. Therefore it is reasonable to expect 
that the fundamental algebraic structure of a nonlinear sigma model satisfies 
the operator product expansion condition but in general might not have 
a commutativity property. The construction of a meromorphic open-string 
vertex algebra and left modules from a Riemannian manifold is given in |H7] . 

We also have notions of right module and bimodule for a meromorphic 
open-string vertex algebra. We also have a similar construction of right 
T(fi)-modules and we can also construct T(P))-bimodules. These notions, 
constructions and a study of these modules and left modules will be given 
in a paper on the representation theory of meromorphic open-string vertex 
algebras. 

When the homogeneous subspaces of a meromorphic open-string vertex 
algebra is finite dimensional, we say that it is grading-restricted. The no- 
tion of grading-restricted meromorphic open-string vertex algebra should be 
viewed as a noncommutative generalization of the notion of grading-restricted 
vertex algebra (which really should be called grading-restricted closed-string 
vertex algebra). In [H6j . the author introduced cohomologies of grading- 
restricted vertex algebras by constructing certain complexes analogous to 
the Hochschild complex for associative algebras and then consider subcom- 
plexes analogous to the Harrison complex for commutative associative alge- 
bras. The complexes in |H6j that are analogous to the Hochschild complex 
are in fact also defined for meromorphic open-string vertex algebras and give 
cohomologies for such algebras. We shall discuss this cohomology theory in 
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a future publication. 

The construction in the present paper can be generahzed to higher dimen- 
sions. There have been efforts by mathematicians to generahze vertex (oper- 
ator) algebras to higher dimensions. But these efforts are not very successful 
mainly because the examples constructed are mostly free field theories or 
theories obtained by tensoring two-dimensional conformal field theories in a 
suitable sense. The main difficulty is that for those higher- dimensional quan- 
tum field theories of fundamental importance in mathematics and physics, 
there might not be commutativity or equivalent properties. On the other 
hand, we do want operator product expansion to hold. Our generalizations 
of meromorphic open-string vertex algebras in higher dimensions satisfy as- 
sociativity but not necessarily commutativity and the examples obtained by 
generalizing the construction in the present paper are not from free field the- 
ories. We shall give these generalizations and constructions in another future 
publication. 

The present paper is organized as follows: In Section 2, we introduce the 
notion of meromorphic open-string vertex algebra and explain that they are 
indeed open-string vertex algebra defined in )HK] . For a vector space [), we 
introduce a quotient algebra N{i)) of the tensor algebra T(f)) mentioned above 
and construct induced left modules for N{i)) in Section 3. As a preparation 
for our construction of examples of meromorphic open-string vertex algebras 
and left modules, we define and study normal ordering and vertex operators 
in Section 4. This is the main technical section of the present paper. In 
Section 5, we construct the class of meromorphic open-string vertex algebras 
mentioned above. In Section 6, we introduce the notion of left module for a 
meromorphic open-string vertex algebra and construct left modules for the 
meromorphic open-string vertex algebras constructed in Section 5. 

Acknowledgments The author is supported in part by NSF grant PHY- 
0901237. 

2 Definition of meromorphic open-string ver- 
tex algebra 

In this section, we give the definition of meromorphic open-string vertex 
algebra. We also recall the notion of open-string vertex algebra introduced 
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by Kong and the author in [HK] and explain that a meromorphic open-string 
vertex algebra is indeed an open-string vertex algebra. 

Since the applications we have in mind are always over the field of com- 
plex numbers, for convenience, we shall assume that all the vector spaces in 
the present paper are over the complex numbers. But every definition, except 
for the recalled notion of open-string vertex algebra, construction or result 
in the present paper can be formulated, carried out or obtained over a field 
of characteristic without additional efforts. We use both formal variables 
and complex variables. We shall use x,xi, . . . ,y,yi, . . . to denote commut- 
ing formal variables and z,zi,... to denote complex variables or complex 
numbers. When we write down the expression such as (xi — for n G Z 
and commuting formal variables Xi and X2, we always mean the expansion 
in nonnegative powers of X2, the second formal variable. But when we write 
down the expression [zi — Z2)"' for n E 1^ and complex variables or numbers 
Zi and Z2, we mean the usual analytic function or the complex number. In 
the region \zi\ > \z2\, this analytic function or complex number is in fact 
equal to the sum of the series obtained by substituting zi and Z2 for xi and 
X2 in the formal series [xi — X2)"'- 

We first introduce meromorphic open-string vertex algebras: 

Definition 2.1. A meromorphic open-string vertex algebra is a Z-graded 
vector space V = Yinez ^{") (graded by weights) equipped with a vertex 
operator map 

Yv:V ^ {EndV)[[x,x-^]] 
u Yv{u,x), 

or equivalently, 

Yv:V®V V[[x,x-^]] 

U®V l-T- Yy{u,x)v, 

a vacuum 1 eV , satisfying the following conditions: 

1. Lower hound condition: When n is sufficiently negative, V(„) = . 

2. Properties for the vacuum: Yy{l,x) = ly (the identity property) and 
for u E V, Yv{u,x)l G V[[x]] and \imx^oYv{u,x)l = u (the creation 
property) . 
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3. Rationality: For ui, . . . , Un, v & V and v' e V, the series 

{v', Yv{Ui, Zi)--- Yv{Un, Zn)v) (2.1) 

converges absolutely when > • • • > |^„| > to a rational function 
in zi, . . . , Zn with the only possible poles at 2;j = for i = 1, . . . , n and 
Zi = Zj for i 7^ j. For ui, U2,v & V and v' e V, the series 

(^;^ yy zi - Z2)u2, Z2)v) (2.2) 

converges absolutely when |^2| > |^i — ^2! > to a rational function 
with the only possible poles at zi = 0, Z2 = and zi = Z2- 

4. Associativity: For ui,U2,v &V,v'& V, the series 

{v', Yv{ui, Zi)Yv{u2, Z2)v) = {v', lV(yy(wi, - 2;2)li2, ^2)t') (2.3) 

when 1^1 1 > 1^2! > \z\ — ^2] > 0. 

5. d-bracket property: Let dy be the grading operator on V, that is, 
dyu — mu for m e R and u e V(jny For u , 

[dy, Yv{u, x)] = Yv{dvu, x) + x^Yv{u, x). (2.4) 



6. The D-derivative property and the D- commutator formula: Let Dy : 
V he defined by 

Dv(u) = lim -^Yv(u,x)l 

x^o dx 

for u & V. Then for u & V, 

-^Yv(u,x) = Yv{Dvu,x) 
dx 



= [Dv,Yv{u,x)]. (2.5) 



A meromorphic open-string vertex algebra is said to be grading restricted 
if dim V(„) < 00 for n e Z. Homomorphisms, isomorphisms, subalgebras of 
meromorphic open-string vertex algebras are defined in the obvious way. 
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We shall denote the meromorphic open-string vertex algebra defined above 
by {V,Yy, 1) or simply by V. For u E V, we call the map Yy{u,x) : V — )■ 
\^[[x,a;"^]] the vertex operator associated to u. 

Remark 2.2. Note that from the definition, a meromorphic open-string 
vertex algebra in general might not be a vertex algebra but a Z-graded vertex 
algebra such that the Z-grading is lower bounded is a meromorphic open- 
string vertex algebra. In particular, a grading-restricted vertex algebra in the 
sense of |H6j or a vertex operator algebra in the sense of [FLMj and |FHLj is 
a grading-restricted meromorphic open-string vertex algebra. (In |H6j and in 
the present paper, we use the term open-string vertex algebra because such 
an algebra can be interpreted as describing the interaction of open stings at 
a "vertex." See the discussion below and the discussion in [HKj . In fact, a 
(grading-restricted) vertex algebra should have been called a (meromorphic) 
closed-string vertex algebra.) 

Remark 2.3. In the definition above, we require that a meromorphic open- 
string vertex algebra satisfy some strong conditions, for example, the lower 
bound condition. We can define weaker versions of meromorphic open-string 
vertex algebra but here we put these stronger conditions since the examples 
we construct in this paper satisfy these stronger conditions. These conditions 
are also important for the development and applications of the theory of 
meromorphic open-string vertex algebras. 

For a C-graded vector space V = U„g]g V(„) , we use V to denote the 
algebraic completion Yln&c ^(") ^'^^ recall the notion of open-string 

vertex algebra from |HK] : 

Definition 2.4. An open-string vertex algebra is an R-graded vector space 
^ — llngM ^(n) (graded by weights) equipped with a vertex map 

y° : 1/ X R+ ^ Hom( V, V) 

{u,r) i-> Y'^{u,r) 

or equivalently, 

: {V ®V) xR+ V 

{ui^v,r) I— 7- Y'^(u,r)v, 

a vacuum 1 E V and an operator D G End V of weight 1, satisfying the 
following conditions: 
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1. Vertex map weight property: For ni,n2 G M, there exist a finite subset 
N{ni,n2) C R such that the image of (Unem+z ^(n) <8) lJnen2+z 

M+ under is in nn6Ar(ni,n2)+Z '^{n)- 

2. Properties for the vacuum: For any r e 1R+, r) = (the identity 
property) and hmr-^.o r)l exists and is equal to u (the creation 
property) . 

3. Local-truncation property for D': Let D' : V ^ V be the adjoint of 
D. Then for any i>' e y, there exists a positive integer k such that 
(D')V = 0. 

4. Convergence properties: For . . . , i> e y and v' e y, the series 

{v\YO{v^,r^)---YO{v^,r^)v) 

converges absolutely when ri > • • • > r„ > 0. For i>i,i>2,i' G and 
v' eV, the series 

(^;',yO(yO(^;^,^Q)^2,^2)^) 

converges absolutely when r2 > Tq > 0. 

5. Associativity: For vi,V2,v e y and v' e y, 

(^;',r«(^;i,ri)F«(^;2,r2)^^) = {v' ,Y'^{Y'^{v,,r, - r2)v2,r2)v) 
for ri, r2 e ]R satisfying ri > r2 > ri — r2 > 0. 

6. d-bracket property: Let d be the grading operator on V, that is, du — 
mu for m e R and u e V(to)- For e F and r e R+, 

[d,y°(ii,r)] =y°(dii,r) + r-^y°(ii,r). (2.6) 

ar 

7. D-derivative property: We still use D to denote the natural extension of 
D to Hom(F,F). For ueV, Y^{u,r) as a map from M_|_ to Hom(V, V) 
is differentiable and 

^Y^iu, r) = [D, Y^iu, r)] = y°(L>ii, r). (2.7) 
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The open-string vertex algebra defined above is denoted (V, y*^, 1,D) or 
simply V. 

In |HK] , a formal- variable vertex operator map 

-.V ^ (End V){x} 

is constructed such that Y'-'{u^r) = y-^{u,r) for u & V and r G M+. In 
particular, the open-string vertex algebra can be studied in terms of y-^ . 
Given a meromorphic open-string vertex algebra (V, Yy, 1), let 

Y^:VxR+ Hom(V,F) 
{u,r) I— i- Yy{u,r) 

be defined by Yy{u,r) = Yv{u,r). Then we have: 

Proposition 2.5. The quadruple {V,Yy, l,Dv) is an open-string vertex al- 
gebra. 

Proof. The vertex map weight property, the identity property, the cre- 
ation property, the convergence properties, associativity, the d-bracket prop- 
erty and the D-derivative property hold obviously. The local-truncation 
property for D' holds because the meromorphic open-string vertex algebra 
satisfies the lower bound condition. I 

In the applications of meromorphic open-string vertex algebras, we also 
need direct products of such algebras. 

Definition 2.6. Let {Va,Yv^,la) for a G ^ be meromorphic open-string 
vertex algebras. Assume that the weights of Va for a & A are bounded from 
below by a common number. Let V = Hag^Kf Then V together with the 
direct products of the Z-gradings, vertex operators and the vacuums of Va for 
a G ^ is a meromorphic open-string vertex algebra and is called the direct 
product meromorphic open-string vertex algebra of {Va, Yy^, la), a & A. 

3 A quotient algebra of the tensor algebra of 
the affinization [) of a vector space [) 

Examples of open-string vertex algebras were constructed in |HK] using mod- 
ules and intertwining operators for vertex operator algebras. In this section. 
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we study a quotient algebra of the tensor algebra of the affinization of a vec- 
tor space and its modules. We shall use these structures in later sections to 
construct directly a class of meromorphic open-string vertex operator alge- 
bras and left modules and thus new examples of open-string vertex algebras 
and left modules, without using the theory of vertex operator algebras. 

Let [) be a vector space over C equipped with a nondegenerate bilinear 
form (■,■). The Heisenberg algebra f) associated with f) and (■, ■) is the vector 
space {) [t, ® Ck equipped with the bracket operation defined by 

[a(^t"',b<^r] = m{a,b)5m+n,oK 
[a®t"',k] = 0, 

for a, 6 e [) and m,n E Z. It is a Z-graded Lie algebra. In particular, we 
have the universal enveloping algebra U{[)) of f). The universal enveloping 
algebra C/(f)) is constructed as a quotient of the tensor algebra T'(f)) of the 
vector space i). We have a triangle decomposition 

where 

















M 


5C©Ck 






DCk, 






5C 



are subalgebras of [). 

The meromorphic open-string vertex algebras and left modules in the 
present paper are constructed from left modules for a quotient algebra N{i)) 
of the tensor algebra T(^) such that U{^) is a quotient of N(^). Let / be 
the two-sided ideal of T(^) generated by elements of the form 

(a ® t™) ® (6 ® r) - ((6 ® r) ® a ® t*") - m{a, b)5^+n,oK 
(a ® t'') (g){b(g) t°) - (6 ® t°) ® (a ® t^'), 
(a (8) i'^) ® k - k (8) (a ® i'^) 
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for m G Z_|_, n G — A; G Z. Let iV(()) = T{i))/I. By definition, we see 
that U{i)) is a quotient algebra of N{i)). 

We have the following the Poincare-Birkhof-Witt type result for U{i)); 

Proposition 3.1. 74s a vector space, A^(f)) is linearly isomorphic to 

T(^_)®T(^+)®T(l))®T(Ck) (3.8) 

where T(^_), T{i)^), T(f)) and T(Ck) are the tensor algebras of the vector 
spaces f)_, [)+, [) and Ck, respectively. 

Proof. We first show that for any A; G N, any element of T(f)) of the 
form Ml ® ■ ■ • ® Mfc for Ml, . . . , Mfc of either the form a (8> or k is a sum of 
an element of (13. 8 p and an element of /. We use induction on the number 
of elements that are not k in the set {ui, . . . ,Uk}. When this number is 0, 
the element we are considering is k ® ■ ■ ■ ® k and is in (13. 8p . Assume that 
when there are less than n elements that are not k in the set {ui, . . . ,Uk}, 
this statement is true. Modulo elements of /, we can move all factors of the 
form k in the element Mi (g) ■ ■ ■ Mfc to the right and then move those G f)o 
to the immediate left of the tensor powers of k but keep the order of these 
elements. Thus we can assume that Mi ® ■ ■ ■ ® 'Ufc is of the form 

ai (g) t™' (g) ■ ■ ■ a, (g) t™' (g) a/+i (g)---(g)a„(g)k(g)---(g)k 

where ai, . . . , a„ G f) and mi, . . . , m/ G Z \ {0}. If there is an integer j 
satisfying 1 < j < I such that mi, . . . , rrij < and m^+i, . . . ,mi > 0, then 
this element is in (13. 8p . Otherwise, modulo elements of I and elements of the 
form Ml® - • - ^Uk with less than n factors not equal to k, we can move factors 
of the form Oj (g) t™* with positive mj to the right of the factors of the form 
(g) t"^* with negative rrii and keep the order of such factors with positive m^ 
and the order of such factors with negative m^. The resulting element is in 
(13. 8p . By induction assumption, elements of the form ui (g) ■ ■ ■ (g) with less 
than n factors not equal to k are sums of elements of (13. 8p and /. Thus in 
the case that there are n elements that are not k in the set {ui, . . . ,Uk}, the 
statement is true. 

We have proved that T{t)) is the sum of (13. 8p and /. Since the intersection 
of (13. 8p and / is clearly 0, T{i)) is the direct sum of (13. 8 p and /. Thus 
N{t)) = T{[))/I is linearly isomorphic to (13. 8p . I 

Now we construct left modules for A^(^). Let M be a left T({))-module. 
We define the action of k on M to be 1 and the actions of elements of [)+ 
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on M to be 0. Then M is also a left module for the subalgebra A^(f)+ © f)o) 
of N{[)) generated by elements of f)+ and ()o- We consider the induced left 
module ^(fl) ®iv(ij^0(5(,) M. By Proposition 13 -H we see that N{1)) ®Ar(ij^0(5(,) M 
is linearly isomorphic to T(^_)(8)M. We shall identify N{l))^j^^^^^f^^^-^M with 

T(^_) M. The left A^(^)-module structure on T(^_) M can be obtained 
explicitly by using the commutator relations defining the algebra iV(f)) and 
the left A^(f)+ © [)o)-niodule structure on M. 

For a left iV(f)) -module, we denote the representation images of a^t"^ G f) 
for a G f) and n G Z acting on the left module by a{n). Then a left A^({l)- 
module T(f)_) © M constructed from a left T(f))-module M is spanned by 
elements of the form ai(— ni) ■ ■ ■ ak{—nk)w, where ai, . . . , G f), ni, . . . , G 
Z+ and w e M. 

4 Normal ordering and vertex operators 

In this section, we define the normal ordering for certain operators on a left 
A^(f))-module of the form T(f)_) © M and vertex operators acting on such a 
left A^([))-module. We then prove a number of technical formulas for products 
of normal ordered products of operators and products of vertex operators. 
This section contain the main technical material of the present paper. Many 
of the calculations are much more complicated than the Heisenberg algebra 
case because of the noncommutativity of the operators. 

Given a left A^(f))-module, we define a normal ordering map ° ■ ° from 
the space of operators on the left module spanned by operators of the form 
ai(?T,i) ■ ■ ■ akiuk) to itself by 

°ai(rai) ■ --akini^jl = a<^(i) (n^(i)) • ■ ■ a„{k){na(k)), 

where a G S'^ is the unique permutation such that 

o-(l) < ■ ■ ■ < a{a), 
a{a + 1) < ■ ■ ■ < (t(/3), 
a{(3 + !)<■■■< a{k), 

^fT(l), • • • , n^ia) < 0, 

^aia+l), • • • , n^(l3) > 0, 

naiis+i), • • • , no-{k) = 0, 
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for some integers a and /3 satisfying < a < /3 < A:. 

Given an induced left A^([))-module W = T([)_) ® M, ai, . . . , G P) and 
mi, ... , mfc G Z+, we define the vertex operator lV(ai(— mi) • • • ak{—mk)l, x) 
associated to ai(— mi) • ■ ■ afc(— m^)! G T({)_) by 



Yw{ai{-mi) ■ ■ ■ afc(-mfc)l, x) 
1 ( rf^i-i . 



-ailx, 



where 



° (ni - 1)! Xdx^^-^ 



- 1 ! \dx^^-^ ^ V °' ^ ^ 



njx 



-n-l 



for i = 1, . . . , A; and aj(n) for i = 1, . . . , A; and n G Z are the representation 
images of ai <S>t^ on W. 

We need the following commutator formula: 



Lemma 4.1. For a, 6 G f), 

1 



im—l 



n— 1 



(m- l)!aa;™"i^ (n - 1)! 



n(a, 6) 



-n 



m 



(xi - X2)' 



(4.10) 



where for a G f). 



a^(x) = a(n)a;" 



n-l 



and a negative power of xi — X2, as in the formal calculus in the theory 
of vertex operator algebras, is understood as the binomial expansion in the 
nonnegative powers of the formal variable x^- 

Proof. The proof is a straightforward calculation. ■ 

We also need an explicit expression of a vertex operator. For k G Z_|_ and 
a, /3 G N satisfying < a < ,5 < k, let J{k\ a, /3) be the set of elements of 
which preserve the orders of the first a numbers, the next (3 — a numbers, 
and the last k — ^ numbers, that is, 

Jk;a,(} = {(T G I cr(l) < ■ ■ ■ < a{a), 

a{a + l) <■■■ < aiP), a{/3 + 1) < ■ ■ ■ < a{k)}. 
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Lemma 4.2. For Oi, . . . , e I) and rii, . . . ,nk & 

Ywiai{-ni) ■ ■■aki-nk)l,x) 

0<a</3<k aeJ{k;a,0) \^ ' '^^2 J 



{Tin 



^ -^^K(.,(0K')j(4.ii) 

Proof. The expression follows immediately from the definition of the 
vertex operator and the definition of the normal ordering. ■ 

We need the following: 
Proposition 4.3. For Oq, . . . , e f) and mg, . . . , G 

/ 1 (9™°-^ \ 

/ I gmi-l \ / 1 d"^k-i \ 

- ° [{mo - 1)\ dx^-' '^ '^ ) 



p=i 
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— ai(xi) 



(mi - 

1 d^P-i-^ 



K+i-i)!5x;+r 
■■■( (m.-i)!9xr- ''H- 

Proof. The proof is a tedious but straightforward calculation. By ( 14.1 ip 
and f!4.10p . the left-hand side of f l4.12p is equal to 



(mo -1)! 



^0<a</3<fc ere J(fc;a,;3) \^ '^^^^ ^ '^■^(7(1) 



cr(Q+l) 



1 (}'"<T{/3 + l)-l 



cr(o+l) 
1 ^m<T(fc)-l 



(m.(0-l)!aa;:(;«-'™'"''^'^^'^' 
Yao(a;o) 
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fc 

+ E E E 

0<a;</3<fe o-e J(fc;a,/3) P=l 

1 5™<^(i)-l 

Qm^(p_i)-1 




1 d'^-W _ \ 

1 5"^a(p+l)-l 




1 Qrn,(^+i)~l ^ 

1 f)"^<T{/3 + l)-l _^ 
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0<a</3<fcfTGJ(fc;Q,/3) p=l \ / 



V(p-l) 

^"^<t{p+i)-1 



(m.(p+i)-l)!aa;:(;it;>" 



l'^o-(p+l)(^'^(P+l)) I 



1 5"^<T(a)-l 
1 9"»a(a+l)-l ^ 



1 9"»a(,3+l)-l 



1 5m<T(fe)-l 

T(«a(fc)(0)a;^(;^)) 



:Yao(a;o) 



° V(^o-i)!a<°- 



(mi - l)\dx1 



mi 



1 \ / 1 9"^fc-i ^ 
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0<a<l3<k <T£Jik-a,0) p=l \ / 



-mo— "ip 



1 ^^.tCi)-! 



1 



i'^<t(p-i)(^<^(p-i)) 



1 (}'»<T{p+l)-l 



■'(t(p+1) 



1 



1 ^m<T{a+i)-l 



T«<^(/3+l)(0)^a(/3 



(m,(„«,-i)!a,-;.«)-'"'''''-^''^"'-'<'i''«) 

^"l<T(fc)-l 

ZT(«a(fe)(0)x;(^fc)) 



(m,(,)-l)!aa:;;;« 
-ao(a^o) 



(mo-l)!axr" 

gmi-l \ / 1 Q^k-^ 



1 

:j-ai(a;i) 



p=i 

]^ ^mi-l 
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Remark 4.4. In (14.121) . the formal variables be taken to be 

the same but cannot be equal to xq. 

From (14.121) . we obtain immediately the following result: 

Corollary 4.5. For Oq, . . . , G f) and mo, . . . , G Z^, 

Yw{ao{-mo)l, Xi)Yw{ai{-mi) ■ ■ ■ afc(-mfc)l, X2) 

(mo-l)!9xr-^^°^'^'^ 



p=i 

■Fvyloil-"^!) ■ ■ ■ai(-mp) ■ • ■ afc(-mfe)l, X2), (4.13) 

where for p = 1, . . . ,k, we use ap{—mp) to denote that ap{—mp) is missing 
from a product. 

Proof. Taking xq to be xi and xi, . . . , to be X2 in (14.121) (note Remark 

3D, we obtain (KI^ . I 



Corollary 4.6. For oq, . . . , G f) and mo, . . . , m^ G Z+, 

lV(ao(-mo) ■ ■ ■ afc(-mfc)l, Xi) 

= lim iYw{ao{-mo)l,xi)Yw{ai{-mi)---ak{-mk)l,X2) 
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p=l 

■Yw{ai{~mi) ■ ■ ■ ap{-mp) ■ ■ ■ ak{-mk)l, X2) 

(4.14) 

Proof. Note that we can let xi = X2 in the first term of the right-hand 
side of (I4.13P and the resulting formal series is 

Ywiao{-mo) ■ ■ ■ aki-nik)!, X2). 

Hence if we move the second term in the right-hand side of (14.1 3p to the 
left-hand side, we can also let Xi = X2 in the left-hand side of the resulting 
equality. Thus we obtain (I4.14p . ■ 



Remark 4.7. Note that in the right-hand side of (I4.14p . we might not be 
able to take the limit (that is, let X2 be equal to Xi) of individual terms since 
we do not know whether the limits or substitutions exist algebraically. But 
the limit or substitution of the sum indeed exists algebraically, as is shown 
in the proof of the corollary above. 

We now prove the following formula for the product of two normal ordered 
products: 

Proposition 4.8. For ai, . . . ,ak,bi, . . . ,bi G I) and mi, ... , m^, rii, . . . , ri; e 
[m,-l)\dxT^-''''^^'^) ■ ■ ■ [{m, - 1)1 dxt^-'""'^^'^ ) 

min(fc,i) 

ng,---ngXap,,bq,)---{ap^,bq^) ■ 

i=0 k >pi > ■ ■ ■ > Pi > 1 
< qi < ■ ■ ■ < qi < I 

-rig, - 1\ f-Uq^ - 1 
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'[^Pl Vqi) ' ' ' [^Pi Vqi, 

Proof. We prove (14.151) using induction on k. When A; = 0, (14.151) holds. 

Now assume that (I4.20p holds for k = K. We prove (I4.15P in the case 
k = K + 1. For notational convenience, instead of (I4.15P in the case of 
A; = + 1, we prove (14.150 with oi, . . . , a^+i and mi, ... , rriK+i replaced by 
ao, . . . , ax and ttiq, . . . , m^. Since (14.151) holds for k = K, we have 

Qmo — l 



(mo-l)!ax^ 



mo- 



min{K,l) 

i=0 K > Pi > ■ ■ ■ > Pi > 1 
< qi < ■ ■ ■ < qi < I 



■r — n \ "'•PI "91 . . . ( r — ?/ 
■^pi yqi) l-^Pi yqiJ 

(mo-l)!axr-^''°^^°^ 



1 f)^q-^ \ 
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Using fl4.12p . the right-hand side of fl4.16p is equal to 

mm{K,l) 

J2 ^gi ^qJ- 

i=0 K >pi> ■■■ > pi>l 
< qi < ■ ■ ■ < < I 

-Ug^ - 1\ f-Ug^ - 1 



rripj - 1 y \mp^-l 

i^p. - yq^r'^"'-'''^ ■ ■ ■ i^n - yq.)-"'"^"'' 

1 S^^o-l \ 

rr 1 d^"'' ( ^ 

\p^Q,pi,...,Pi ^ ^ 
min(_fs:,Z) 

+ E E E 

«=0 K > Pi > ■ ■ • > Pi > 1 sj^O,pi,...,pi 
<qi < ■■ <qi <l 

msUq^ ■ ■ ■ngXao,as){ap^,bg^) ■ ■ ■ (ap,,6qj 
-m., - 1\ f-Ug^ - 1\ f-ng^ - 1 



mo - 1 /V "ipi - 1 / V "^P» ~ 1 

rr 1 ( ^ 

^p^O,s,pi,...,pi ^ ' P 

min{K,l) 

+ E E E 

*=0 is: > pi > ■ ■ ■ > Pi > 1 t^qi,...,qi 
< qi < ■ ■ ■ < qi < I 

ntUg^ ■ ■ ■ Ug^ {aoM) (api , ) ■ ■ ■ > ) ' 
'-rit - 1\ f-Ug^ f'^"' ~ 
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-nrir,: -n„ 



Kp^0,pi,...,pi 



1 f)"'q^^ 



Since f l4.20p holds for k = K, we also have 

min(_ft',/) 

XI ■ ■ ■'^g.Ki'^gi) ■ ■ ■ 

«=0 K>pi>-->s>-->pi>l 
< qi < ■ ■ ■ < Qi < I 

-riq^ - 1\ f-n^u - 1 



.-1 

Xpi ~ Uqi) 11 . . . {^Xp- — yq- 



1 



for s = 1, . . . , fc. 

From the calculations given by f l4.16p . fl4.17p and f l4.18p we obtain 



Yao(a;o) ) 



(mo - ly. dx"^''-^ ' 7 
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(m, - 1)! 9xr-^"'^"'7 ° ° - 9yr' " 

imn{K,l) 

J2 ■ ■ ■ ^lii^pi^ K) ■ ■ ■ i^pv K) ■ 

i=0 K > pi > ■ ■ ■ > Pi > 1 
< qi < ■ ■ ■ < qi <l 



nip^ -1 J \ nip. - 1 

■{xpi - yqi)~"''"~'''" ■ ■ ■ (xpi - z/gj""*^*-"" 
1 8"^°-^ \ 

>vP7iO,pi,...,Pi ^ ^ P 

rain{K,l) 

+ E E E 

«=0 K > pi > ■ • • > Pi > 1 ty^qi,...,gi 
< gi < • • • < gi < Z 

^t^gi ■■■"'q.(«o,&t)(«Pi>^9i)---(«P,,^<?i) ■ 

nio - 1 J \ mp, - 1 J \mp^-l 
■{xo - Xt)-'^'^--'{xp, - y.J-"'--"^ • • • {xp^ - y,^y 

.pii,p.K-i)'^-r-^"^^'^^ 

min(/!r+l,i) 

i=o /s: > pi > ■ • ■ > Pi > 

< qi < ■ ■ ■ < qi <l 
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By (SIS]), the left-hand side of fICTll is equal to 

/ 1 9™"-^ A 

(„,^i)!a,;..-. ''-fa)j---^ („,_i)!y-i My,)j 



proving fl4.15p in the case k = K 



+ 1. 



Corollary 4.9. For ai, . . . ,ak,bi, . . . ,bi G f) and mi, . . . ,mk,ni, . . . ,ni e 
Z+, 

min(fc,J) 

«=0 fc > pi > ■ ■ ■ > Pi > 1 
< 91 < ■ ■ ■ < <ji < Z 



- 1 y V "ipz - 1 

TT 7 — °. (4.20) 
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Proof. When X2, ■ ■ ■ ,Xk are taken to be equal to Xi and yi, . . . ,yi are 
taken to be equal to X2, the left-hand and right-hand sides of (14.151) exist 
and are equal to the left-hand and right-hand sides of (14.201) . Thus (14.201) 
holds. ■ 

The formula (I4.15P can be generalized to the product of n normal ordered 
products. But we do not need the explicit formula of the coefficients. What 
we need is the following: 

Corollary 4.10. For aj G () and rrij G Z_(_ for j = l,...,n and = 

0,ki, . . . , /c/_i, ki = n eIj satisfying ko = < ki < ■ ■ ■ < ki_i < ki, 

° n I (mj - 1)\ dx""''^^^^^^^ I o ■ ■ ■ o n I T^^r^TTT^i^FT"^'^^^'^ 



(4.21) 

is a linear combination of formal series of the form 

(1 f)^j-^ \ 

where A is a subset of 

{(ji) J2) I 3 p, g G Z such that < p < q < I, 

kp + 1 < Ji< kp+i, kg + 1 <j2 < kg+i} 

and B is the subset of {1, ... ,n} consisting those j G {1, . . . , n} such that 
either G A for some j' or G A for some j' . 

Proof. We use induction on /. When / = 1, the conclusion is certainly 
true. When / = 2, (14.151) gives the linear combination explicitly. Assume 
that the conclusion is 07 when I = L. Then using (I4.15p . we see that the 
conclusion is also true when I = L + 1. I 

Taking Xj to be Xp+i when kp+1 < j < kp^i in Corollary 14. lOt we obtain: 

Corollary 4.11. For aj G f) and mj G Z+ for j = l,...,n and ko = 

0,ki, . . . , ki-i, ki = n E Z satisfying ko = < ki < ■ ■ ■ < ki^i < ki, 

Yw{ai{-mi) ■ ■ ■afc^(-mfcjl,xi)- 

• • • lV(«fc,_i+i(-"^fe,_,+i) ■ ■ ■ a„(-m„)l, xi) (4.23) 
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is a linear combination of formal series of the form 

1 Q^j-^ 



(jij2)eA 



r«i(i/. 



(4.24) 



where in the right-hand side, yj = Xp+i when kp + 1 < j < kp^i and A and 



B are the same as in Corollary \4. 10 



5 A meromorphic open-string vertex algebra 
structure on T(()_) 

In this section, we construct a meromorphic open-string vertex algebra struc- 
ture on the left A^([))-module T([)_) ® C where we view C as a trivial left 
T([))-module. 

The left A^([))-module T(f)_) (g) C is canonically linearly isomorphic to 
T(f)_). Let 1 = 1 G By definition, T(t)_) is spanned by elements of 

the form ai(— mi) ■ ■ ■ afc(— mfc)l, where Oi, . . . , G f) and mi, ... , ruk G Z+. 

We define the weight of ai(— mi) • ■ ■ afc(— m^)! for ai, . . . , G f) and 
mi, . . . ,mfc G Z_|_ to be mi + ■ ■ ■ + m^. Then T(f)_) becomes a Z-graded 
vector space. If we denote the homogeneous subspace of T(fi_) of weight m 
by (T(^_))(^), then 

nt) = II(T([)-))m- 

The element 1 G T(^_) is the vacuum of T(^_). 
We have a vertex operator map 

y^(^_):T(t) -> (EndT(t))[k,x-i]] 

where ^((^_)(w,x) is defined in fl4.9l) with = T(^_). 
We have the following main result of the present paper: 

Theorem 5.1. The triple {T{[)^),Yrp^^_'^,l) defined above is a meromor- 
phic open-string vertex algebra. In the case that f) is finite dimensional, 
(T(fi_), 1) is a grading-restricted meromorphic open-string vertex al- 

gebra. 
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Proof. The lower bound condition, the identity property and the cre- 
ation property are easy to verify. We omit the proofs. It is also clear that 
when f) is finite dimensional, the homogeneous subspaces of T(f)_) are finite 
dimensional. 

We first prove that the product (12. ip is absolutely convergent in the region 
ki| > \z2\ > to a rational function. By Corollary 14.11^ 



(^''^r(i,_)('^i(-"^i) ■ ■ ■ak^{-mkJl,Zl)■ 
' ' ■^r(fi_)('^fc;_i+i(-"^fc,_-^+i) 

is a linear combination of series of the form 



■ an{-mr,)l, zi)v) (5.25) 



n (yn 



n 



\yj=Zp+i when fcp+l<i<fcp+i 
]^ Qrrti-l 



[m. 



-l)\dy 



j 



yj=Zp^i when kp-\-l<.j<.kpj^i 

(5.26) 



where A and B are the same as in Corollary 14.101 Since 

1 (^"ij-i 



n 



j 



j/j=2p+i when kp+l<j<kp+i 



is a Laurent polynomial in zi, . . . ,zi, (I5.26P is the expansion in the region 
l-^il > ■ ■ ■ > 1-2/1 > of a rational function in zi, zi with the only possible 
poles at = for i = 1, . . . ,1 and Zi = Zj for i ^ j. Since (15.251) is a linear 
combination of series of the form (I5.26P , it is also the expansion in the region 
|zi| > ■ ■ ■ > > of a rational function in zi, . . . , zi with the only possible 
poles at = for i = 1, . . . , / and Zi = zj for i j. Thus the rationality for 
products of vertex operators holds. 

In particular, we have rationality for products of two vertex operators. 
But in order to prove the associativity, we need an explicit expression of the 
products of two vertex operators. By (I4.20p . we have 

(^'' ^T(f,_)(«l' ^l)^T(f,_)(«2, Z2)v) 
min(fc,/) 



i=0 



k > pi > ■ ■ ■ > Pi > 1 
< qi < ■ ■ ■ < qt < I 



nq,---ngXap„bg^)---{ 
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-rig, - 1 \ f-Ug^ - 1 



nip, - I J \mp^-l 



11^ 



v' 



Next we discuss iterates of two vertex operators. From (14.151) . we have 

^T((,_)(«i(-"^i) ■ ■ ■ ak{-mk)l,XQ)hi{-ni) ■ • ■6;(-n;)l 
= Resy, ■ ■ ■ Resj,,2/f ■ ■ ■ ■ 



Res2/i---ReSj;,?/i"''^ ■ 

min(A;,/) 

«=0 > pi > ■ ■ ■ > Pi > 1 

< gi < ■ ■ ■ < (ji < i 



- ly ynip^ - 1 

n n '.fe.) 

^P7^Pl,...,Pi ^ ' / 

min(fc,i) 

«=0 fc > pi > ■ ■ ■ > Pi > 1 
<qi < ■ ■ ■ < Qi <l 



rup, -1 J \mp^-l 



Vp5^Pl,.--,Pi ^ ' U / \gjtqi,...,qi 
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min(fe,() 

= X] ■ ■ ■ • • • Ki) ■ 

i=0 k >pi > ■ ■ ■ > Pi > 1 
< qi < ■ ■ ■ < Qi < I 




(5.28) 

Thus 



^r(6-)(^T(fi_)(«i(-"^i) • ■ ■ ak{-mk)l,xo)bi{-ni) ■ ■ ■bi{-ni)l,X2) 

min{k,l) 

^ Yl Yl ^</i---^</((«pi>^</i)---(«K'^</j • 

i=0 fc > pi > • ■ ■ > Pi > 1 
< qi < ■ ■ ■ < qi <l 

—Uq^ — 1\ ~ -'^ j ^-™Pi-"9i T^Pi-nq^ 

mp,-ij V ^p. - 1 y ° 

n I] (mp-1 

f)Sp-l 

_1 U.p^^X2 J I 



min(A;,i) 

XI X ^5l---^5i(«Pl'^9l)---(Si'^<zJ 

j=0 fc > pi > • ■ • > Pi > 1 
< qi < ■ • • < < i 

-rig^ — 1^ (—Uq^ — 1\ -mpj-ng^- 
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n 



1 g^P 
K-l)!5x7-'' 



E 



1 ^^''-^ . .1 

— ap(x2) V 



{sp- 1)1 dxT 



n 

\qj^qi,..;qi 



1 (}"9-l 



min(fc,i) 

E E 

«=0 A: > pi > ■ ■ • > Pi > 1 
< gi < ■ ■ ■ < (ji < i 



-^91 - 1 

- 1 



Vp^pi,...,Pi 

n 

\q+q\,-,qi 



1 



(5.29) 



For t> G T(f)_), t>' G T(f)_)', from f l5.29p we see that when \z2\ > \z\ — Z'2\ > 
0, the series 

(^''^T((j_)(^T{h_)(«i(-"^i) ■ ■ ■ CLki-mk)!, zi - Z2)bi{-ni) ■ ■ -ki-ni)!, Z2)v) 

min(A;,/) 



E E 

«=0 fc > pi > ■ ■ ■ > Pi > 1 
< (ji < ■ ■ ■ < (ji < « 



IT'qi ■ ■ ■ ^qi (ffpi ) ^(Ji ) ■ ■ ■ ('^Pi ? ^Qi ) 



- 1 



-rig^ - 1 
mp, - 1 



n 



{z^ - z^)-""-^- 



-ria, m„, -rta 



>vP7^pi,...,p, 



(mp-l)!5x;r''- 



-ap(a;2 + xq) 



n 

\qytqi,...,qt 



ma — I 



grig 
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X0=Zi—Z2, X2=Z2 



(5.30) 

is absolutely convergent to the same rational function to which fl5.27p con- 
verges to. Thus rationality for iterates of two vertex operators and associa- 
tivity hold. 

We now prove the d-bracket property. From the definitions of the Z- 
grading on T([)_), the operator d-T{t)-) '^('^) for a G fi and n G Z, we 
have 



[d 



■T(b-)' 



i(n)] = —na{n). 



Then for a G (), 



(5.31) 



For m G Z+, taking m-th derivatives with respect to x in both sides of (I5.3ip . 
we obtain 



1 rf™-! 



— a^(x) 



= m 



(m — 1)! (ia;' 



— -a (x) + X- 



1 



rm— 1 



\(m — 1)! dx'' 



Ya^(x) . (5.32) 



We also have 



d 



'm—l 



no-)' ^rn-iydx"" 
1 d""-^ 



-(a(O)x-^; 



(m — 1)! (ix^ 



-(a(0)x~i) +x- 



d 



fm— 1 



(ix \ (m — 1)! dx^ 



-(a(0)x"i) . 



(5.33) 

Using f l5.32p . fl5.33p and (14. lip , we obtain the d^j-j^ -j-bracket property. 

We still need to prove the D-derivative property and the D-commutator 
formula. By definition, 

.|(ai(-mi) ■ ■ ■afc(-mfc)l,x) 



d_ 

dx 

k 

E 



l)!9x 



— -ai (x 



[rrik - 1)! 9x™*=-i 



ttfc X 



m, 



1 

{nil ~ 1)! 



imi —1 
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/ I gm^-i-i W 1 

k 

= ^mpyy(g_)(ai(-mi) ■ ■ ■ ap_i(-mp_i) ■ 
p=i 

■ap{-{mp + l))ap+i(-mp+i) ■ ■ ■ ak{-mk)l, x). (5.34) 

From fl5.34p . we obtain 

^r(fi_)^i(~"^i) ■ ■ ■ afc(-mfc)l 

= lim -^Kpff, x(ai(-mi) ■ ■ ■ aA:(-mfc)l, x)l 

= limy^(ij_-,(ai(-mi) ■ ■ ■ ap_i(-mp_i) ■ 

■ap{-{mp + l))ap+i(-mp+i) ■ ■ ■ afc(-mfc)l, x) 

fc 

= ^mpai(-mi) ■ ■ ■ap_i(-mp_i) ■ 

■ap(-(mp + l))ap+i(-mp+i) ■ ■ • ak{-mk)l. (5.35) 
From fl5.34p and fl5.35p . we obtain 

^^T(f,_)(^i(~"^i) ■ ■ ■aki-mk)l,x) 

■ap(-(mp + l))ap+i(-mp+i) ■ ■ ■afc(-mfc)l,x 

= ^r(ii_)(-^^i(^"^i) ■ ■ ■afc(-?^fc)l,a;). (5.36) 
To prove 

^F^(i^_-,(ai(-mi) ■ ■ •afc(-mfc)l,x) 

= [^T{t,_)^^T{i).)i(^^i-~^i) - - - ^k{-mk)l,x)] (5.37) 
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for Oi, . . . , Ofc G f) and mi, . . . , G Z+, we use induction on k. When k = 0, 
f l5.37p holds. We also need to prove (15.371) in the case k = 1. From (15. 35 p . 
we have 

[-^r(fi_)' (^li^^i)] = rnai{—m — 1) (5.38) 
for ai E i) and m G Z+. For bi, . . . ,bi G f) and rii, . . . , ri; G Z4., we have 

ai(m)]6i(-ni) ■ • • bi{-ni)l 
= D^^i^_~^ai{m)bi{-ni) ■ ■ ■ bi{-ni)l - ai{m)Dr^^^^_~^bi{-ni) ■ ■■bi{-ni)l 

= '^m{ai,bp)5m~nj,flDbi{-ni) ■ ■■bp{-np) ■ ■ ■bi{-ni)l 

-^npai(m)fei(-ni)---6p_i(-np_i) • 

■bp{-{np + l))6p+i(-np+i) • • ■ bi{-ni)l 

I 

= ^ ^ mng{ai, bp)S^m-np,o ■ 

p=l g^p 

■bi{-ni) ■ ■■bp{-np) ■ ■ -bqiy-iriq + 1) ■ ■■bi{-ni)l 

I ^ 

- mnp{ai, bq)5m-n,flbi{-ni) ■ ■ ■bq{-nq) ■ ■ • 6p-i(-np_i) ■ 

p=l q^p 

■bp{-{np + l))bp+i{-np+i) ■ ■ ■bi{-ni)l 

-'^mnp{ai,bp)Sm~-np^i,obii-ni) ■ ■ • 6p_i(-np_i) ■ 
p=i 

■bp+ii-np+i) ■ ■■bi{-ni)l 

I 

= -m J^(m - l)iai,bp)5m-nj,-i,obii-ni) ■ ■ ■ bp_i{-np_i) ■ 
p=i 

■bp+ii-rip+i) ■ ■■bi{-ni)l 
= — mai(m — l)bi{—ni) ■ ■ ■ bi{—ni)l. (5.39) 

Thus we obtain 

[-^r(f)_)' '^i(^)] = —mai{m — 1) (5.40) 

for Oi G [) and m G The commutator formula ( 15.38^ says that ( ]5.40p 
holds when m G — Z_|_. Clearly f l5.40p also holds when m = 0. From f l5.40p 
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for m G Z, we obtain 



[^T(fj_)'^T(ij_)K(-"^i)l'2;)] 

1 fjrni-l 

D 



mi - 



(mi - ly.dx 
^^T(f,_)(«i(-"^i)l'3;) 



jai{x) 



d 



mi 



(mi - 1)! dx""^ 



ai(x) 



(5.41) 



for ai G f) and mi G Z_|_, proving fl5.37p in the case k = 1. 

Now assume that (15.371) holds when k = K. For ao, ai, . . . , G f) and 
mo, mi, . . . , nik G from (I4.14p and (15.371) in the case k = 1 and k = K, 
we obtain 



d_ 



^T(fi_)('^o(-"^o)ai(-"^i) ■ ■ ■afc(-mfc)l,x) 



^T{fi_)("o(-"^o)l,a;)yy(jj_)(ai(-mi) ■ ■ ■ afc(-mfc)l, xa) 

m„ — 1^ 



- mp(ao, Op) ( )(x-X2)" 



•^r(ii_)('^i(-"^i) ■ ■■api-nip) ■ ■ ■ afc(-mfc)l, X2) 



hm ( — Kp(j^_)(ao(-mo)l,x)Fyff,_^(ai(-mi) ■ ■ • afc(-mfc)l, X2) 



T(f,_)^ 



(iX2 

— m„ — 1 



+^T((,_)(^o(-"^o)l,a;)— K^(^_)(ai(-mi) ■ ■ ■ afc(-mfc)l, X2) 



( —ra — 

- 52 "^p(«o, Op) ( ^ 1 
p=i ^ 



(X - X2)"™"-™^ ■ 



dx. 



-yp((j_)(ai(-mi) ■ ■ ■ap(-mp) ■ ■ ■ afe(-mfc)l, X2) 



hm^(^[D^(^_),F^(t,_)(ao(-mo)l,x)]ry(f,_)(ai(-mi) ■ ■ ■ afc(-mfc)l, Xa) 
+^Tfh_)('^o(-"^o)l,a;)[L'j,ff:_-,,Fj,ff,_Jai(-mi) ■ ■ ■ afc(-mfc)l, X2)] 
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- V'mp(ao,ap)( / 
p=i ^ 



[X - X2) 



-mo—mp 



•[Dy(jj_),Fy(fj_-)(ai(-mi) ■ ■ ■ ap{-mp) ■ ■ ■ ak{-mk)l,X2)] 



'ai(-mi) ■ ■ ■ak(-mk)l,X2) 



mp[ao,ap) 



mo — 1 



■^T(i^_)('^i(~"^i) ■ ■■api-rrip) ■ ■ ■ afc(-mfc)l, X2) 
= [L'y(j,_^,ry(|j_-)(ao(-mo)ai(-mi) ■ ■ ■ afc(-mfe)l, a;)], 
proving fl5.37p in the case k = K. 



(5.42) 



Remark 5.2. The symmetric algebra 5'(^_) has a natural structure of vertex 
operator algebra (see [B] and |FLM] . where 5'(f)_) is constructed as a sub- 
algebra of the vertex operator algebra associated to a even positive definite 
lattice). In particular, by Remark \2.2\ it is a grading-restricted meromor- 
phic open-string vertex algebra. Let vr : r([)_) — )■ 5'(t)_) be the canonical 
projection. Then vr is a homomorphism of meromorphic open-string vertex 
algebras from T(t)_) to S'(f)_). It is clear that the kernel of a homomor- 
phism of meromorphic open-string vertex algebras is a subalgebra of the first 
meromorphic open-string vertex algebra and the quotient of a meromorphic 
open-string vertex algebra by a subalgebra is a meromorphic open-string ver- 
tex algebra. Thus we see that 5'(f)_) as a meromorphic open-string vertex 
algebra is isomorphic to a quotient of the meromorphic open-string vertex 
algebra T ([)_). 



6 Left modules for the meromorphic open- 
string vertex operator algebra 

In this section, we introduce the notion of left module for a meromorphic 
open-string vertex operator algebra. Then we construct a structure of a left 
module for the meromorphic open-string vertex algebra T([)_) on the left 
Ar([))-module T(^_) O M for a left T([))-module M. 
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Definition 6.1. Let {V, Yy, 1) be a meromorphic open-string vertex algebra. 
A module for V or a V -module is a C-graded vector space W — YLneC^i^) 
(graded by weights), equipped with a vertex operator map 

Yw-.V ^ (EndW)[[x,x-^]\ 
u !->■ Yw{u,x), 

or equivalently, 

Yw:V®W W[[x,x-^]] 
u<S>w Yw{u,x)w, 

an operator Dw of weight 1, satisfying the following conditions: 

1. Lower bound condition: When 9?(n) is sufficiently negative, W(^n) = 

2. The identity property: Yw[l,x) — Iw 

3. Rationality: For ui, . . . , Un, w &W and w' e W, the series 

{w', Yw{Ui, Zi)--- Yw{Un, Zn)w) (6.43) 

converges absolutely when > • • • > > to a rational function 
in Zi. .... Zn with the only possible poles at Zi = for i = 1, . . . ,n and 
Zi = Zj for i ^ j. For ui, U2,w G W and w' e W, the series 

{w', Yw{Yv{ui, Zi - Z2)u2, Z2)w) (6.44) 

converges absolutely when \z2\ > \zi — Z2\ > Q to a. rational function 
with the only possible poles at Z\ — Q,Z2 — Q and zi — Z2. 

4. Associativity: For ui,U2,w G W, w' e W\ 

{w', Ywiui, Zi)Yw{u2, Z2)w) = {w', YwiYv{ux, Zx - Z2)U2, Z2)w) (6.45) 

when 1^1 1 > 1^2! > \zi — Z2\ > 0. 

5. d-bracket property: Let d]v be the grading operator on W, that is, 
dww = mw for m e M and w e ^^(m)- For u E V, 

[dw: Yw{u, x)] = Yw{dvu, x) + x^Yw{u, x). (6.46) 
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6. The D-derivative property and the D - commutator formula: For u G V, 



d 

dx 



IV (m, x) 



Yw{Dvu,x) 
[Dw,Yw{u,x)]. 



(6.47) 



A left \/-module is said to be grading restricted if dimW^(„) < oo for 



We denote the left F-module just defined by {W,Yw,Dw)- 

Remark 6.2. Let be a Z-graded vertex algebra such that the Z-grading 
is lower bounded. By Remark \2.2\ ^ is a meromorphic open-string vertex 
algebra. Then a ^-module is a left module for the meromorphic open-string 
vertex algebra structure. 

Definition 6.3. Let (V, Yy-, 1) be a meromorphic open-string vertex algebra 
and (W^i, Yiyi) -DiyJ and (PFi, Yvkd -DiyJ left modules. A homomorphism 
or module map from {Wi^Yy/^, Dy/-^) to (W^i, IVu -DiyJ is a linear map / : 
Wi W2 such that 



for u & V and w G Wi. A grading-preserving homomorphism of left V- 
modules is a homomorphism preserving the gradings. Isomorphisms or equiv- 
alences [grading-preserving isomorphisms or grading-preserving equivalence, 
respectively) are invertible homomorphisms (grading-preserving homomor- 
phisms, respectively). Left submodules [grading-preserving left submodules, 
respectively) of a left l^-module are left ^-modules whose underlying vector 
spaces are subspaces of the left l^-module such that the embedding maps are 
homomorphisms (grading-preserving homomorphisms, respectively). 

Remark 6.4. We also have notions of right module and bimodule for a 
meromorphic open-string vertex algebra. These notions and a study of these 
modules and left modules will be given in another paper on the representation 
theory of meromorphic open-string vertex algebras. 



neC. 



f[Ywi[u,x)w) 

f[DwrW) 



yw2{u,x)f[w), 
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Let M be a left r(f))-module. Then we have the left A^(^)-module W = 
eg) M. We have a vertex operator map 

Yw : T(i)_) ^ (End W)[[x,x-^]] 

where yiy(w,a;) is defined in (14. 9p . Assume that M is C-graded (graded by 
weights) such that elements of T(()) preserve the grading and the C-grading 
is lower bounded. For example, we can just define M to be homogeneous 
with an arbitrary complex number as the weight. Then this grading on M 
together with the grading on T(f)_) gives a grading onW = T(l)_) ® M. Let 
Dm be an operator on M such that Dm is of weight 1 with respect to the 
grading on M and commutes with the action of the elements of T([)). For 
example, we can take Dm to be 0. We define an operator Dw on W by 

Dy/{u ®w) = Drp^f^_^u ® m; + M ® Dmw 
for u G T([)_) and w G M. Then we have: 

Theorem 6.5. The triple (W,Yw, D]y) given above is a left module for the 
meromorphic open-string vertex algebra T(f)_). 

Proof. The proof is in fact completely analogous to the proof of Theorem 
15. 1[ We omit the proof here. ■ 

Remark 6.6. On M, there are actually infinitely many lower bounded C- 
gradings. For example, for any complex number, we can let the weight of 
every element of M be this number. Let Wi and W2 be the left T ([)_)- 
modules obtained from the same left T([))-module M as above and the same 
Dm = but with different lower bounded C-gradings. Then Wi and W2 are 
isomorphic but in general are not grading preserving. 

Remark 6.7. If M is an S'([))-module with a lower bounded C-grading 
(graded by weights) such that elements of 5'([)_) preserve the weights, then 
the canonical projection n : T([)) — )• S{t)) gives M a left T(f))-module struc- 
ture with a lower bounded C-grading such that elements of T(f)) preserve 
the weights. Let Dm be an operator on M such that Dm is of weight 1 
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with respect to the grading on M and commutes with the actions of ele- 
ments of S{hi). Then 5'(f)_) M is a module for the underlying grading- 
restricted vertex algebra of the vertex operator algebra ^(f)-). The homo- 
morphism vr : T([)_) — )■ >S'(f)_) of meromorphic open-string vertex algebras 
gives ® M a. left T([)_)-module structure. On the other hand, by The- 

orem 16 .51 T([)_) (g)M is a left T(f)_)-module. Let 1m be the identity operator 
on M. Then the map tt (g) 1m '■ ^(f)-) ® M — )■ >S'([)_) M is a homomorphism 
of left T(()_)-modules. 

Remark 6.8. We also have a construction of a right T([)_)-module from a 
right T(f))-module using the construction of left T(f))-modules above. We can 
also construct T(f))-bimodules. These constructions will be given together 
with the notions of right module and bimodule and a study of these modules 
and left modules in a paper on the representation theory of meromorphic 
open-string vertex algebras mentioned above. 
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